A complete overview of all orthogonality-preserving Plücker transformations in finite dimensional hyperbolic spaces with dimension other than three is given. In the Cayley-Klein model of such a hyperbolic space all Plücker transformations are induced by collineations of the ambient projective space.
Introduction
Let G be an arbitrary non-empty set and ∼ a binary relation on G which is symmetric and reflexive. Following [3] we call the structure (G, ∼) a Plücker space, if for each pair a, b ∈ G there exists a finite number of elements c 1 , c 2 , . . ., c n ∈ G with a ∼ c 1 ∼ c 2 ∼ . . . ∼ c n ∼ b.
A Plücker transformation of (G, ∼) is a bijection ϕ : G → G with
All such Plücker transformations form the Plücker group of (G, ∼). Orthogonality-preserving Plücker transformations of Euclidean spaces have been discussed by W. Benz and E.M. Schröder in [3, 4] . Here G is the set of lines and a ∼ b means that either a = b or that a and b meet orthogonally. Similar results for elliptic and symplectic spaces are due to H. Havlicek [10, 11] . One result of all these papers is that dimension three is, in some sense, exceptional. For example the 3-dimensional elliptic spaces are the only ones with Plücker transformations not induced by collineations and dualities [10] . More examples of Plücker spaces can be found in [3, 5, 13, 15] .
In this paper we discuss orthogonality-preserving Plücker transformations of finite dimensional hyperbolic spaces with a Euclidean ground field. For dimension other than three all Plücker transformations are determined. In the Cayley-Klein model they are induced by collineations of the ambient projective space. Moreover, condition (1) can be reduced to
This mapping is again denoted by π.
Since the ground field K of Π is Euclidean, it can be ordered uniquely. Therefore only one separation function can be defined on P In the following we will distinguish between a secant g ∈ G of Q and the hyperbolic line g := g ∩ H.
The polarity π gives rise to the following binary relations ∼ and ≈ on G:
Both relations are symmetric and, by definition, ∼ is reflexive. Now we can show:
Proof. Let a, b ∈ G be distinct. First we assume that a, b are in a plane ε with Q ε := Q ∩ ε. We are looking for a finite sequence of lines n 1 , n 2 , . . . , n k ∈ G with
1. For hyperparallel lines a, b, the intersection point a∩b is an external point. Hence the line n := (a ∩ b) π ∩ ε fulfills a ∼ n ∼ b.
2. Now let a, b be parallel and A ∈ a ∩ Q ε , B ∈ b ∩ Q ε and C := a ∩ b ∈ Q ε with A = C = B. In the proof of Proposition 1 we saw that for any two skew lines a, b ∈ G there exists a sequence of orthogonally intersecting lines that connect a and b. By [7, p.64 , (1)] it is always possible to reduce this sequence to one line:
Lemma 1. Let a, b be two given skew lines of a hyperbolic space Π h . Then there exists a line n intersecting a and b orthogonally.
Now we want to discuss Plücker transformations of (G, ∼). We use the term Q-collineation for any collineation of Π leaving the quadric Q invariant. It is obvious that Q-collineations induce Plücker transformations:
Now the question is the following: Are all Plücker transformations induced by Q-collineations.
Plücker transformations in hyperbolic spaces with
with the relations ∼ and ≈.
Lemma 2. Given mutually distinct a, b, c ∈ G with a, b concurrent and c intersecting a and b orthogonally, then a ∩ b ⊂ c.
Proof. Since a, b, c are mutually distinct, |a ∩ b| = |a ∩ c| = |b ∩ c| = 1. In Π h there exists no triangle with two right angles. Therefore the point a ∩ b is on c.
Then for every point A ∈ H there exists an A ′ such that g ∈ G and A ∈ g implies A ′ ∈ g ϕ .
Proof. We choose a, b ∈ G with a ∩ b = A and a ≈ b. Hence a ϕ ≈ b ϕ and we are able to define
2. Let g be not related to a and b. Since dim Π h = n ≥ 4, all lines passing A, and orthogonal to a and b, span a subspace β of Π of dimension n − 2 ≥ 2.
We put a ∨ b =: α and choose c, d ∈ β such that c ≈ d and A ∈ c, d (see Figure 1 ). Additionally, there exist lines e, f ∋ A with e ∈ α, f ∈ β and e ≈ g, f ≈ g. Now the lines a, b, c, d and e, f , g as well as a, b, f and c, d, e are mutually orthogonal. This is also true for their ϕ-images.
Together with Lemma 2 we get step by step:
¡¢ £¤¥ Step 2 of the proof of Proposition 3
In step 2 we used dim Π h ≥ 4. Therefore, we cannot use the same methods for solving the 2-and 3-dimensional case.
With the help of ϕ we are able to define a mapping ψ on the point set of Π h :
Proof. We define ψ : H → H, A → A ψ := A ′ . This ψ is well defined by Proposition 3 and collinearity of points is invariant under ϕ.
Assume to the contrary that there exist two different points A, B ∈ H with
A ψ = B ψ . For all X ∈ H\AB we obtain XB ϕ = XA ϕ by the injectivity of ϕ. Further X ψ = A ψ = B ψ . So, for every g ∈ G we get A ψ ∈ g ϕ , which is a contradiction to the surjectivity of ϕ. Thus the mapping ψ is injective.
2. Let the points A, B, C ∈ H be non-collinear and let their images A ψ , B ψ , C ψ be on a line g. Since ψ is injective, these points are mutually distinct. Now AB = AC and
is a contradiction to the injectivity of ϕ.
3. The surjectivity of ψ remains to be shown:
(a) First we prove that the restriction of ϕ to G A (A ∈ (c) In the next step we prove that
Let us take a look at a star with center A ∈ a. In (b) we saw that a line b, with b ϕ ∩a ϕ = ∅, is necessarily parallel or concurrent to a. But the only two lines in G A being parallel to a are the ϕ-preimages of the parallel lines to a ϕ . Therefore a and b intersect and ψ|a : a → a ϕ is surjective.
(d) If B ′ is an arbitrary point in H, then we are able to choose a line a ϕ ∋ B ′ . In (c) we proved the existence of a point B ∈ a with B ψ = B ′ .
Finally, we extend the collineation ψ : H → H into the ambient projective space Π. The main tool will be a Theorem due to R. Frank [6] .
Proposition 5. Let ϕ be a bijection satisfying (3) in a hyperbolic space Π h with dim Π h ≥ 4. Then ϕ is induced by a Q-collineation ψ of Π. Moreover, ϕ is a Plücker transformation.
Proof. We already know that ϕ is induced by a collineation ψ : H → H. Using the terminology of [6] , such a collineation can be extended to a projection ψ : H → Π.
The Euclidean ground field K, together with the order topology, is a topological field [17] . So Π becomes a topological projective space with the coordinate topology τ [16] . The set of internal points of any oval quadric, for example H, is an open set of τ . Since H is not contained in a hyperplane, span H ψ = span H = Π. The induced topologies on the lines of Π form a linear topology in the sense of [6] . Under the collineation ψ hyperplanes are mapped onto hyperplanes. There is a one-to-one correspondence between external points A of Q and hyperplanes ε = A π which contain internal points. If I 1 , I 2 ∈ ε are two different internal points, ε is spanned by all lines a ∈ G ∩ ε with a ≈ AI 1 , a ≈ AI 2 respectively. Orthogonality is invariant under ψ. That means A ψ I 2 ) in ε ψ . Therefore A ψ = ε ψπ is an external point. Since ψ and ψ are collineations, ψ yields also a bijection on the set of external points of Q. So, ψ is a Q-collineation. Proposition 2 shows that ϕ : G → G is a Plücker transformation.
Remark. For real hyperbolic spaces we could show Proposition 5 also with Theorem 2 in [12] by R. Höfer.
The 2-dimensional case 4.1 A characterization of Plücker transformations
If dim Π h = 2, then the absolute quadric Q is a conic with polarity π. For an arbitrary line g ∈ G all orthogonal lines are running through the point g π . By dim Π h = 2, orthogonal hyperbolic lines are intersecting. Therefore there exists no common orthogonal transversal for a, b ∈ G being parallel or concurrent. But the sequence (2) of related lines connecting a, b can be reduced to two lines n 1 , n 2 :
Lemma 3. In a hyperbolic plane let a, b ∈ G be two different lines, that are parallel or intersecting, but not orthogonal. Then there exist n 1 , n 2 ∈ G with
Proof. In both cases we will show the existence of a line n 1 with a ≈ n 1 that is hyperparallel to b. 
Moreover, we choose F such that (A, D | C, F ) = −1. For the second intersection point G ∈ a π F ∩ Q we get (E, D | F, G) = 1, since ED, F G intersect in the external point a π of Q. Now we get step by step:
and therefore b and n 1 := GF are hyperparallel.
Proposition 6. In every hyperbolic plane Π h a bijection
ϕ is a Plücker transformation of (G, ∼).
Proof. For two arbitrary lines g, h ∈ G we show
On Plücker transformations of hyperbolic spaces Figure 2 : a, b are intersecting 1. For every two hyperparallel lines g, h there exists a line n 1 ∈ G with g ≈ n 1 ≈ h and furthermore
ϕ is an external point of Q and g ϕ , h ϕ are hyperparallel as well.
2. If g, h are parallel or intersecting then, by Lemma 3, there exist lines
But in a hyperbolic plane there exists no rectangle.
So in both cases g ϕ ∼ h ϕ is true.
In this proof the crucial point is that dim Π h = 2. Otherwise two intersecting lines have a common orthogonal line and there is even the possibility of g, h being skew. Therefore we cannot use the same methods for dim Π h ≥ 3.
Induced collineations on Π h and Π
Together with every Plücker transformation ϕ of (G, ∼) we have the bijection
on the set of external points A Q . We denote this bijection again by ϕ. From now on let ϕ be the mapping
For every A ∈ A Q and every secant g of Q there is
Proposition 7. Assume that ϕ satisfies the conditions of Proposition 6. Then for each point A ∈ H there exists an A ′ ∈ H with G ϕ A ⊂ G A ′ .
Using the polarity π we are able to translate Proposition 7 into an equivalent proposition concerning external points of Q: Proposition 8. Let G, H and I be three distinct points on an external line of Q. Then there exists an external line of Q that contain G ϕ , H ϕ , and I ϕ .
Proof. We will establish Proposition 8 by constructing a nontrivial Desargues configuration Z, P j , Q j (j ∈ {1, 2, 3}) such that corresponding edges p j , q j (j ∈ {1, 2, 3}) meet at G, H and I. The vertices of the triangles P 1 , P 2 , P 3 and Q 1 , Q 2 , Q 3 will be external points and the edges p j , q j (j ∈ {1, 2, 3}) will be secants of Q (see Figure 3) . Figure 3: Desargues configuration with P j , Q j external points and p j , q j secants of Q (j ∈ {1, 2, 3})
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1. Through each point G, H, and I we choose a tangent line of Q (t G , t H and t I ). Since u := GH does not intersect Q, the points of tangency T G , T H , T I as well as G 0 := t H ∩ t I , H 0 := t G ∩ t I and I 0 := t G ∩ t H are mutually distinct and form a triangle 3 (see Figure 4 ).
If we choose u as the line at infinity, we get the affine plane A := P\u.
